The purpose of these notes is to introduce the concept of a many-valued relation and to study two, in a certain sense dual, categories of such relations. Besides, we apply the concept of a manyvalued relation to the description of different approaches, both fixed-based and variable-based, to Fuzzy Topology and characterize categories related to Fuzzy Topology, in the framework of the corresponding categories of many-valued relations.
Introduction
Basing on the concept of an L-fuzzy relation between elements of two sets (see e.g. [19] , [17] , [4] ), we introduce the notion of a many-valued relation and define two, in a certain sense dual, categories, MREL and N REL, whose objects are such relations. Our special interest is in L-valued relations between elements of a set and L-fuzzy subsets of this set. We distinguish two classes of such relations, calling them expansive and inclusive respectively. Expansive and inclusive many-valued relations are used to characterize different categories related to fuzzy topology, both fixed-based [8] and variable-based [12] . The first ones, expansive, allow us to develop the closure operator based approach to the subject of Fuzzy Topology, while inclusive L-valued relations lead to an alternative, that is interior operator based approach. We suppose that the presented here approach to Fuzzy Topology in the framework of many-valued relations will allow to get an additional insight into its subject.
Two categories of many-valued relations
In this Section we define two categories. The objects of the both categories are many-valued relations. The difference of the categories is in the way how we define their morphisms. The first one of these categories, MREL, as a prototype, has the category of topological spaces (and more general, variablebased fuzzy topological spaces) defined by closure operators, while the second one, N REL as a prototype, also has the category of topological spaces (and more general, variable-based fuzzy topological spaces), however in this case defined by interior operators.
L-relations
Let L = (L, ≤ ∨, ∧) be a frame (see e.g. [6] ), that is a complete infinitely distributive lattice (that is
. The bottom and the top elements of the frame L are denoted by 0 L and 1 L respectively. Let FRM be the category of frames. The objects of this category are frames and morphisms from a frame
which preserve finite meets and arbitrary joins, see e.g. [6] . In particular, this means that
The following, fundamental for us, concept is well-known and appears (under different names) in many papers see e.g. [19] , [4] , [1] , [2] , [17] .
In case the frame L is not specified, we refer to an L-relation just as a "many-valued" relation. 
Let an L-fuzzy relation
R : X × Y → L be given. Then for each x ∈ X this L-fuzzy relation generates an L-fuzzy set R x : Y → L defined by R x (y) = R(x, y). Similarly, for each y ∈ Y it generates an L- fuzzy set R y : X → L defined by R y (x) = R(x, y). Given an L-relation R : X × Y → L its inverse L- relation R −1 : Y ×X → L is defined by R −1 (y, x) = R(x, y) for all x ∈ X, y ∈ Y.
The category
for all x ∈ X and y ∈ Y : 3 Let L = L = 2 = {0, 1} be the two-point lattices and let ϕ = id 2 be the identity mapping on 2. Notice that
is a morphism in the category MREL if and only if (u × v)(R) ⊆ R .
Lemma 2.4
The following properties are equivalent:
Proof (a) ⇐⇒ (b) The equivalence of (a) and (b) can be established as follows: 
Fix any y 0 ∈ Y and let y 0 = v(y 0 ). Then according to our assumption
we conclude, from the above inequality, that
for all y 0 ∈ Y, and x ∈ X 2
The category N REL of many-valued relations Definition 2.5 The objects of the category N REL are many-valued relations, that is quadruples
Let L = L = 2 be the two-point lattice and ψ = id 2 be the identity mapping. Notice that the inequality ψR (u(x), y ) ≤ R(x, v(y )) in this case just means:
and hence this property characterizes those
which are morphisms in the category N REL.
Lemma 2.7 The triple
Proof. It suffices to note that for all x ∈ X one has
The category of many-valued closure spaces as a category of many-valued relations

L-fuzzy closure spaces
As before, let L = (L, ≤, ∧, ∨) be a frame. The following concepts are well known and appear in many works, however, often under different names, see e.g. [6] , [3] , [7] , [5] , [9] , [13] , etc. To define the category whose objects are arbitrary many-valued closure spaces and its subcategories of many-valued pretopological closure spaces and many-valued closure topological spaces we have to specify morphisms between such spaces. In order to define morphisms in these categories we need, as before, two frames. However, now we prefer to denote them by L and
A ∈ L X , see e.g. [10] , [11] . Now we are ready to define the morphisms for the category of many-valued closure spaces:
Explicitly the last property can be written also as
for every A ∈ L X . The category of many-valued closure spaces, its full subcategories of many-valued closure pretopological spaces and many-valued closure topological spaces will be denoted by MCl, MClPT, MClT respectively.
In case when L is fixed and ϕ : L → L is the identity mapping we obtain important categories of L-fuzzy closure , L-fuzzy pretopological closure and L-fuzzy topological closure spaces. They can be described as (non-full subcategories) of MCl as follows: 
Many-valued closure spaces viewed as many-valued expansive relations
The aim of this subsection is to characterize the category of many-valued closure spaces MCl as a certain subcategory MREL(S, F) 1 of the category MREL of many-valued relations. The objects of MREL(S, F) are L-fuzzy relations between elements of a set X and L-fuzzy subsets of the same set X, that is L-fuzzy relations R : X × L X → L. We refer to them as many-valued relations between sets and powersets of fuzzy subsets, or L-valued relations between sets and L-(fuzzy) powersets if L is fixed. We define the morphisms in this category as follows.
Let many-valued relations R :
in case it fulfills the condition which all morphisms in MREL, must satisfy, that is
for all A ∈ L X , and all x ∈ X :
Assume now that we restrict our interest to the case of those many-valued relations
and which are expansive , that is
Then it is easy to see that by setting c 
M, S), is a morphism in the category
is a morphism in the category MREL(S, F) means that for every x ∈ X and every A ∈ L X :
Recalling the definition of a multi-valued closure operator we get that this condition can be rewritten as
Now since c X (A)(x) = f (c X (A)(f (x))) we rewrite the last inequality as
and this just means that (f, ϕ) is a morphism in the category of many-valued closure spaces. The converse can be proved in a similar way.
The category of many-valued interior spaces as a category of many-valued relations
L-fuzzy interior spaces
An alternative way to connect relations with topological type structures is via interior-type operator. Similar to the case of closure-type operators, different versions of interior type operators were used (under different names) by many researchers, see e.g. [7] , [18] , [8] , [16] , etc. To define the category whose objects are arbitrary many-valued interior spaces and its subcategories we have to specify morphisms between such spaces. However beforehand we again introduce some notations.
An (L-fuzzy) interior operator
Given a mapping G :
) see e.g. [10] , [11] .
Definition 4.2 Given an L-fuzzy interior space (X, i X ) and an M -fuzzy interior space
Equivalently the last inequality can be written as
The category of many-valued interior spaces, its full subcategories of many-valued pretopological interior spaces and of many-valued interior topological spaces will be denoted by N Int, N IntPT and N IntT respectively. 
that is the morphisms the second component in which is the identity mapping. In this case the condition
We call a mapping f : X → Y satisfying this condition continuous.
Categories 
Many-valued interior spaces viewed as many-valued inclusive relations
To find connections between many-valued interior spaces and corresponding many-valued relations we start with the category N REL and, first, we have to restrict the class of its objects and then to revise its morphisms. In this subsection, as in Subsection 3.2 we consider L-fuzzy relations between elements of a set X and L-fuzzy subsets of the set X, that is L-fuzzy relations R : X × L X → L (here the set X and the frame L are not fixed). However, as different from the approach outlined in Subsection 3.2, here we will realize our approach in the framework of the category N REL instead of the category MREL. To define the corresponding subcategory N REL(S, F) of the category N REL, we restrict the class of objects by taking only tuples (X,
as the triples
if the condition, which all morphisms in N REL must satisfy, holds, that is
for all B ∈ M Y , and for all x ∈ X :
To proceed with the research of many-valued interior spaces in the framework of the category of many-valued relations in the sequel we restrict ourselves to the case of those many-valued relations R : X × L X → L, which are non-decreasing, that is
and satisfy the condition
(for convenience we call such L-relations inclusive.) Then one can easily notice that by setting i 
is a morphism in the category N REL(S, F).
Proof. The condition that
is a morphism in N REL(S, F) means that the inequality
holds for all B ∈ M Y and for all x ∈ X. Applying definition of the many-valued interior operator induced by many-valued relations R and S, we rewrite the above condition as
Now, recalling the definition of the preimage of a fuzzy set under a mapping, we rewrite the previous inequality as 
Conclusions
Basing on the concept of an L-fuzzy relation, wellknown to people working in "Fuzzy Mathematics", we introduced two categories of many-valued relations, that is L-fuzzy relations where the range L is not fixed. Our special interest here was in the description of different approaches to the subject of Fuzzy Topology in the framework of the categories of many-valued relations. This description was presented in two parallel ways; the first one is based on closure-type operators, while the second one as the basic takes interior-type operators.
As the main perspectives for the future work we see the following.
First, we expect that the study of the categories MREL and N REL themselves will be done. In particular, operations of product, co-product and quotients in these categories should be constructed and their relation to the corresponding operations of fuzzy topological spaces should be studied.
Second, it would be interesting and useful to characterize special topological properties, like compactness, separation axioms, etc. of fuzzy topological spaces in terms of many-valued relations generating these spaces.
Finally, we assume that Fuzzy Topology is not the only area where many-valued relations can be useful. In particular, at present we are working on the description of categories of fuzzy soft spaces and fuzzy rough spaces in the framework of many-valued relations.
